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Phase transit ions of a quasi-one-dimensional F e r m i  
gas a r e  studied by the use  of the renormalization 
group method for the fermion sys tem without the 
bosonization. Intrachain backward and forward 
scat ter ings,  pair  electron hopping between different 
chains and exchange scat ter ing of electrons in dif- 
ferent chains are  taken account of. Pair electron 
hopping gives rise to  the singlet and t r iplet  super -  
conductor phase transitions. Electron exchange 
scat ter ing gives rise to the spin density wave and 
charge density wave transitions. Calculation is 
made by the use  of the one-dimensional dispersion. 
Following Menyh6rd's method (Ref. 1) for  the model 
with interchain backward scat ter ing only, the change 
of the fluctuation from the one-dimensional region 
to the three-dimensional region is described. The 
transit ion temperatures  are given by the ba re  cou- 
plings a t  high temperatures.  

IN T R ODU C TI ON 

In this paper,  we study phase transit ions of a quasi= 
one-dimensional (9-1 -D) F e r m i  gas with one-dimension- 
a1 (1-D) dispersion by the u s e  of the renormalization 
group (RG) without the bosonization. The model we 
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consider has  intrachain backward and forward sca t te r -  
ings, pair  e lectron hopping between different chains and 
exchange scat ter ing of electrons in different chains. 

W e  think the Q-1-D F e r m i  gas system as follows. 
In high temperatures ,  the intrachain coupling is much 
s t ronger  than the interchain coupling, i. e. y q  /y;;(< 1 
(ikj) (yLj and yiA are interchain and intrachain ba re  cou- 
plings respectively), As temperature  decreases ,  inter-  
chain coupling becomes s t ronger  and comparable to the 
intrachain coupling a t  a c rossover  temperature.  Below 
the c rossover  temperature ,  the correlat ion is three-di-  
mensional (3-D). W e  descr ibe the above s teps  by using 
Menyhird's  method" for  the sys tem with interchain back- 
ward scat ter ing only. For the 3-D region, w e  t rea t  the 
intrachain and interchain couplings on an  equal footing 
by the use of the first order  RG method. 

W e  neglect single electron hopping. 
The resu l t s  obtained by this paper  are as  follows. 

Pair electron hopping gives rise t o  the singlet and t r i -  
plet superconductor (SS and TS) phase transit ions.  
t ron exchange scat ter ing gives rise to the spin density 
wave (SDW) and charge density wave (CDW) phase t ran-  
sitions. The c rossover  tempera tures  in which the in- 
terchain couplings become comparable t o  the intrachain 
couplings and the transit ion tempera tures  are given by 
the bare couplings a t  high temperatures .  

E lec-  

MODEL AND RG 

The model we investigate is given by the following 
Hamiltonian. 
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b: a b  
1 + 
L;S,jWt2s l i j  i, k,+q, s 1, k,-q, s' jkLs' jk ,s  

H = - Z C ( K  a 2 

b+ a b  
5s' + 
-K . .a 

215 i ,  k,+q, s i, k,-q, s' j k , s  jkAs' 

b+ a b  
+ 

+Lli ja i ,  k,+q, s j ,  kA-q, s' ikzs' jk , s  

b+ a b  I (4) 
+ 

-%jai, k,+q, s j ,  k2-q, s' jk2s ikls') 

where  a* and b+ a r e  annihilation o p e r a t o r s  f o r  right-and 
left-going electrons.  F u r t h e r ,  i and j are chain indices  
and s and s '  sp in  indices. H e r e  we do not s tudy the 
interchain backward and forward  sca t te r ings .  An effect  
of backward s c a t t e r i n g  w a s  s tudied by M i h d y  and  
Sblyom2) and Menyhkd. '  ) An effect of forward  s c a t t e r -  
ing was  investigated by Lee e t  a1.3.' The  Fermi s u r f a c e  
we u s e  is flat. The Fermi s u r f a c e  is not d i s tor ted  
s i n c e  we have neglected s ingle  e lec t ron  hopping. 

The  RG equations f o r  invariant  couplings a re  
.b ,I. 

.b .b :: 2 :I: 3 -I, % =2g +2g +2CKs" K a t  l i  li  q.i l i k  2ki ' 

a t  = g  11 .+g 1 1 % ~  .+C.(Klik+KZik-LZik), 
4, -1. :: 2 ::: 2 ::: 2 ::: 2 ::: 3 

.c -4. 
J, .b .t. 4, 4, .II .L .b a = L K'" + ". g + g  +F)+K2ij(gii+glj) 

.b 4, .1. 

l i j  l i j  Y i j '  2i 2j 
4, d. ,,. 1. 

a t  
4. 4. 

-2(f l i j  J 2i j fL1q . .K 2ij ) + C ( K ~ i k K ~ k j + K ~ i k K ~ ~ j ) J  k+.J (7)  
J, a K . .,< 4, .b .I_ .I, .JI .b 4. 

3 =f ( g  .+g .)+K . . ( g  . + g  +F)-2J2ijK2ij  
l i j  11 1j 213 21 2j 

.*, .?, 

a t  
4- J 

q i i K 1 i k  -,- K lkj+K2ik 'I. K 2kj) ' (8) 

(9) 

(10) 

4, a L;. .Ir .L 21 = - L k  (g:: +g: .+F) -zL'b. L''' . 

F = 2 ( g 1 i+g2 - g1 ig2i) 

a t  2ij  2i 25 w , j 2 i k  2kj ' 
::: 2 ::: 2 ::: :I: 

2rrv =1, t = l n ( T / D ) ,  v : F e r m i  velocity, D: cutoff, F F 

where we have calculated the equations up to  the lowest  
o r d e r  with r e s p e c t  t o  the  in te rcha in  couplings and  up t o  
the next o r d e r  with r e s p e c t  to the intrachain couplings. 
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Fur ther  we have neglected the coupling L~,Q by consi- 
dering that L\;. does not contribute to  divergences of 
correlation functions ( see  the following equations (1 1)- 
(14)). 
responds to a ba re  coupling constant A. 

o rder  pa rame te r s :  As i s  one for  SS, AT TS, X SDW and 
N CDW. We obtain the following Lie  equations for c o r -  
relation functions. 

1 

Here A* denotes the invariant coupling that co r -  

Next we consider the four correlat ion functions of 

4. .,* ::< .L 

(11) 

(12) 

(13) 

(14) 

a - la. .=2K . .+2K . .+( 2gli+2gZi+F)6. . , 
a t  SIJ i l ~  213 1J 

4, .I, 4, .** 

5 1 $ i j = - 2 K  1lJ . .+2K 213 . .+( - 2 g  11 . + 2 g  21 .+F)6 i j '  
4. -,- J. a 

-1nx .= -2L  . .-(2g2i+F)6ij , 
.I. 4. 

a t IJ 213 
-1nF .=-2L  a . .+(4gli-2g + F ) d i j  
a t 1J 213 2i 
- a Rk* 
R. .= n v F d  

J. 

1J 

where R is any of correlation functions. i j  

1-D AND 3-D CORRELATIONS AND TRANSITION TEM- 
PERATURES 

Following MenyhLrd, w e  study the effect of the 1-D cor- 
relation on the phase transit ion of the Q-1-D F e r m i  gas. 
We make the assumption, 7~~ << ri;<< 1 ( i t j )  (Zsrv, = l ) ,  in 
the ba re  couplings, In the region T~TCro(TCro :  a c r o s s -  
over temperature) ,  w e  assume that the values of the in- 
terchain couplings are sma l l e r  than those of the intra-  
chain couplings. W e  t r ea t  the intrachain couplings of 
the sys tem with g < O  by the second o rde r  RG and the 
interchain couplings by the f i r s t  o rde r  RG. But w e  
t rea t  the intrachain couplings of the sys tem with g,>O 
by the f i r s t  o rde r  RG, s ince the intrachain couplings re- 
main weak in the whole temperature  region when g,>O. 
We assume that the intrachain couplings are pot  r enor -  
malized by the interchain couplings in  the region TZTCr0. 

1 
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PHASE TRANSITIONS OF A QUASI-ONE- . . . [659]/303 

By the use  of this assumption, we obtain the mean 
field transit ion temperatures  from the divergences of 
the renormalized interchain couplings as 

where the character is t ic  
4 In 

(15) 

(16)  

temperature  T is given by 

1 /r 

1 /Y 

ID 

T I D = D  Ig11 l''exp[ -1 /2  Igl(  1 ( 1 7 )  

for  gl< 0 (g  =g i=l ,  - .  . , N) and TID=D for g > 0 and 
1 li '  1 

A = \ g l \ - 3 / 2 ,  y = 3 / 2 ,  for g 1 < O  

A =  1 , y=(gl-2g21 , for g > O  (18) 1 

Fur ther ,  in Eqs. (15) and (161, 1 y O J  =max\y(O, q)l (y=K 
or L),  KO< 0 and Lo> 0 where y(0 ,  q) is the Four i e r  t rans-  
form of bare  coupling yAj (0) (K;j=Kli~ =K,j, L i j  =LA.;.j ) "  

On the other hand, we assume that the interchain 
couplings a r e  comparable to the intrachain couplings in 
the region T, < T <  TCm(T, : a  cr i t ical  temperature) .  
this region, the intrachain couplings a r e  reno'rmalized 
by the interchain couplings. 

Let u s  define the c rossover  temperatures  TkY , 
TZZ and T:$ by temperatures  in which the coutribu- 
tions of the interchain couplings become equal to ones 
of the intrachain couplings in Eqs. ( l l ) ,  (13) and (14). 
We obtain 

In 

4, 

where g (TCr0)+g (Tcro)< 0, g (TCro )>o or 2g1(TGyw) 

cro)+;F (Tc ro  )>O, g (TCro )>0 

1 ss 2 ss 2 SDW 
-Ir 

-gl(T:rw)< 0. When gl(Tss 2 ss 2 SDW 
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o r  2g~(T:,'0,)-gP(T,C~~)>O, the c rossover  temperature ,  TLro, 
c ro $5 TSDH o r  TEgt, is not given. 

gT(Tcro) and9:(TCro ) are  calculated by using the second 
o rde r  R,G of the 1-D sys tem and given by the intrachain 
and interchain ba re  couplings. The c rossover  tempera-  
tu re  is a l so  given by the ba re  couplings. 

We consider the temperature  region T<Tcro and t rea t  
the intrachain and interchain couplings on an  equal footing, 
We take couplings as 

The intrachain couplings 

K K L  
l i  i j  ij 21 1J 1.l 1J 

11 

g =y ... 6 . .  , g .= (Y. .+T. . )b. .  > 

K. .=y i j  K , Lij=yi j  L (if8 

We use  the couplings at the c rossover  temperatures  
as new bare  couplings, i. e. yK(O, q)= F(Tiio )tg:(T:ro )< 0, 

where y (0, q )  is the Four ie r  t ransform of yii . 
t is replaced by t =ln(T/TCro). 
temperatures  of SS, SDW and CDW f rom the tempera tures ,  
where yK*(t, q) ,  yk&(t ,q) and yk$Jt ,q) diverge, as 

-L 2"/sDw(0, IJ q)=g,"(TT::, )> 0 and $r&,,(O,q) = I 2 g ~ ( T : ~ ~ ) - g ~ h ' $ : ) I  
Fur ther ,  

Then we obtain the transit ion 

In Eqs. (24)-(26), the transit ion tempera tures  have 
q-dependences. When yK(O, q )  has a minimum value at  
q=Q,, the highest Ts is attained a t  q=Q, . Whenyko, (0,q) 
o r  y,k& ( 0 ,  q) has a maximum value at  q=QL, the highest 
T p ,  o r  Tp, is attained a t  q=Q2. Also, q=O or 5(a: the distance 
between the nearest  neighbor chains) respectively shows 
that the ordered s ta tes  of the neares t  neighbor chains 
are in the same  o r  oppositephases. 

use  of the t ransform of correlat ion functions, w e  obtain 
Next w e  consider the correlat ion functions. By the 

( 2 7 )  
K -1 

A , ( t . q )  [1 -2 ty  (O,q) ]  , 
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PHASE TRANSITIONS OF A QUASI-ONE- . . . [66 1 ]/305 

where A ( t ,  q), X ( t ,  q) and N( t ,  q) diverge at  T=Ts , T=Tp, 
and T=Tp, respectively. That is, electron exchange 
scat ter ing gives rise to the SDW and CDW phase t ran-  
sitions. Here we notice that the SDW phase t ransi t ion 
is given r i s e  to  by the exchange of electrons with dif- 
ferent spins,  while the CDW phase transit ion by the ex-  
change of e lectrons with s a m e  spins  which is s i m i l a r  
to the Coulomb type scat ter ing between electrons in dif- 
ferent chains. 

ence when K,i;8 =K,,j. For example, when one takes 
KA. = - K l ~ i  = K s j  , one obtains the s a m e  resu l t  as Eq. 
(271 for AT instead of As . 

The TS phase transit ion does not come into exis t -  

CONCLUDING REMARKS 

Various kinds of phase transit ions come about in the fol- 
lowing bare  coupling regions, 
tion a t  finite temperature  comes about in the coupling 
region, [g, -2g2 0 or g , <  0 ] and KO< 0 where K i j  =K~, i i  = 
KLai (Kid = - K I A ~  = K > . .  ), the SDW transit ion in the region, 

and the CDW transit ion in the 
region, [g -2g2<0 or g , < O ]  and L?>O. 

The 5-D temperature  regions are wide in  the sys -  
tem with g,>O, s ince the cr i t ical  t empera tures  are 
given by Eqs. ( 2 4 ) . ~ ( 2 6 )  and the new ba re  couplings a r e  

system with g,>O. Therefore  i t  especially need for the 
sys tem with g,>O in which one t r ea t s  the intrachain and in te r -  
chain couplings on an equal footing t o  obtain the c r i t i ca l  
temperatures .  On the other hand, the 3 - D  regions a r e  
narrow in the sys tem g, < 0 s ince 1 yH(O, q ) I4 (1 ) ,  I ~kJOo, q)l 

Finally, we s ta te  the following. The method 

The SS (TS) phase t rans i -  

g,>O, g, -2g,< 0 and L>O, "I! 

I rK (o ,  q)l<< 1, 1 Y ~ ~ ~ W ( O ,  q) I << 1 and IrFD,,, (0, q)I<< 1 f o r  the 

S h O  

where one takes account of the intrachain coupling ex- 
actly and t rea ts  the interchain coupling in  the mean 

-0(1) and 1yLD,.,, (0, q)bO(1) .  
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field approximation descr ibes  the region T>TCfo , but 
does not descr ibe the region TC<T<TCro . 
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