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Phase transitions of a guasi-one-dimensional Fermi
gas are studied by the use of the renormalization
group method for the fermion system without the
bosonization. Intrachain backward and forward
scatterings, pair electron hopping between different
chains and exchange scattering of electrons in dif-
ferent chains are taken account of. Pair electron
hopping gives rise to the singlet and triplet super-
conductor phase transitions. Electron exchange
scattering gives rise to the spin density wave and
charge density wave transitions. Calculation is
made by the use of the one-dimensional dispersion.
Following Menyhard's method (Ref. 1) for the model
with interchain backward scattering only, the change
of the fluctuation from the one-dimensional region
to the three-dimensional region is described. The
transition temperatures are given by the bare cou-
plings at high temperatures.

INTRODUCTION

In this paper, we study phase transitions of a quasi=
one-dimensional (@-1-D) Fermi gas with one-dimension-
al (1-D) dispersion by the use of the renormalization
group (RG) without the bosonization. The model we
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consider has intrachain backward and forward scatter-
ings, pair electron hopping between different chains and
exchange scattering of electrons in different chains.

We think the Q-1-D Fermi gas system as follows,
In high temperatures, the intrachain coupling is much
stronger than the interchain coupling, i.e.vi; /vu<1
(1%3) (‘Y.q and v,; are interchain and intrachain bare cou-
plings respectively). As temperature decreases, inter-
chain coupling becomes stronger and comparable to the
intrachain coupling at a crossover temperature, Below
the crossover temperature, the correlation is three-di-
mensional (3-D). We describe the above steps by using
Menyhard's method” for the system with interchain back-
ward scattering only. For the 3-D region, we treat the
intrachain and interchain couplings on an equal footing
by the use of the first order RG method.

We neglect single electron hopping.

The results obtained by this paper are as follows.
Pair electron hopping gives rise to the singlet and tri-
plet superconductor (SS and TS) phase transitions. Elec-
tron exchange scattering gives rise to the spin density
wave (SDW) and charge density wave (CDW) phase tran-
sitions, The crossover temperatures in which the in-
terchain couplings become comparable to the intrachain
couplings and the iransition temperatures are given by
the bare couplings at high temperatures.

MODEL AND RG

The model we investigate is given by the following
Hamiltonian,

H= H0+H +H2 A (1)
O i‘. [V (k kF)aﬂm 1k ( k- kF) 1ka ika , (2)
qg-Llys + +

1 i« up, ? (gl ai k, +q, sbi,kl—q, s' a1k,_s' bik,s
s ’
+ +

“89i%ik, +q, s°1, ky-q, ' Ak, s ikgs?) )
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1 + +
- ZZ (K, .. a b, a. b,
2 Ly ks.l:}‘a hj 1,k,+q,i i, k,-q,s' jk;s' JkIS
Koii®i, k +q, s71, ky -, 5 2k, 50k, 8"
+ +
L, ..a, . . .
113a1, k +q, sb], k,-q, s'a1kls'b]kls
+ +
- = . . b ]
I*Zi_]al,k,+q, sbJ,kl-q, s'a_]kzs 1k,s') (4)
where a4, and bg are annihilation operators for right-and
left-going electrons. Further, i and j are chain indices
and s and s' spin indices. Here we do not study the
interchain backward and forward scattermgs An effect
of backward scatterlng was studied by Mihaly and
S6lyom %) and Menyhard An effect of forward scatter-
ing was investigated by Lee et al. 3) The Fermi surface
we use is flat., The Fermi surface is not distorted
since we have neglected single electron hopping.
The RG equations for invariant couplings are

Bg.: _

Y 2g1 +2g1 2@1(1 kK2k1 ()
aé;. 9 k3 ] ) %9
OBai _ > -

Y g11+g11“§q4(K11k+K21k Lok (6)
8Ky

Y4

a¢ 4L11‘] 11;] Kll] g23+F)+K (gll glJ)

7

s (K11]J21.] LllJKZIJ) ﬁ*’t(K].lk 2k] 21k 1k]) ( )
5Ky
22222

at (gl Jrg1 K 2 J(gz +g2 - 2J213 213

Zf (K1 ik 1k3 Kok 2k3) (8)
8]'_41;" _ sk

2t (g21+g2 +F) @52 kL2 (9)
Fzz(gli+g2i-glig2i) (10)

vaF=1, ¢=1n(T/D), VF:Fer'mi velocity, D: cutoff,
where we have calculated the equations up to the lowest
order with respect to the interchain couplings and up to
the next order with respect to the intrachain couplings.
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Further we have neglected the coupling L.,ij; by consi-
dering that L.:; does not contribute to divergences of
correlation functions (see the following equations (11)~
(14)). Here A¥ denotes the invariant coupling that cor-
responds to a bare coupling constant A,

Next we consider the four correlation functions of
order parameters: Agis one for SS, At TS, X SDW and
N CDW. We obtain the following Lie equations for cor-
relation functions,

3lnASIJ-2KhJ+2K +(2g1 +2g2 +F)6, TR (11)

1nA,TlJ~-2K J+2K A - 2g1 +2g2 +F)6 (12)
a—i'l Q(ij—-2L -(Zg2 +F)6 (13)
Sxln nN=-2 2ij+(4gli-2g2i+F)6ij (14)

where Rij is any of correlation functions.

1-D AND 3-D CORRELATIONS AND TRANSITION TEM-
PERATURES

Following Menyhérd, we study the effect of the 1-D cor-
relation on the phase transition of the Q-1-D Fermi gas.
We make the assumption, v; << 7,;<<1 (i%3) (2nve=1), in
the bare couplings. In the region T T ?(T°: a cross-
over temperature), we assume that the values of the in-
terchain couplings are smaller than those of the intra-
chain couplings. We treat the intrachain couplings of
the system with g <0 by the second order RG and the
interchain couplings by the first order RG. But we
treat the intrachain couplings of the system with g,>0

by the first order RG, since the intrachain couplings re-
main weak in the whole temperature region when g >0.
We assume that the intrachain couplings are mot renor-
malized by the interchain couplings in the region TT¢,



Downloaded by [Tomsk State University of Control Systems and Radio] at 12:39 21 February 2013

PHASE TRANSITIONS OF A QUASI-ONE- . .. [6591/363

By the use of this assumption, we obtain the mean
field transition temperatures from the divergences of
the renormalized interchain couplings as

MF _ 1/y
Tes “Tip TlK 1 (15)
MF _ 2A_0_ 1/vy
Tspw™ Tipl7 & ] (16)
where the characteristic temperature T1D is given by
- 1/2
< = = PP =
for g 0 (g1 g0 1 1, ,N) and TID D for g1>0 and
Az\gl\ -3/25 ’Y=3/2: for g1<0
A=1, 'y=|g1—2g2| , for g1>0 (18)
Further, in Egs.(15) and ( | v° ]-max\'y (0,q)] (v=K

or L), K< 0 and L%>0 Where v(0, q) is the Fourier trans-
form of bare coupling v,; (0) (Ki;=Ki:; =Kji3, Laj =Laxy ).

On the other hand, we assume that the interchain
couplings are comparable to the intrachain couplings in
the region T.< T<T“°(T_:a critical temperature). In
this region, the intrachain couplings are renormalized
by the interchain couplings.

Let us define the crossover temperatures Tcgo ,
TSow and TS by temperatures in which the coutribu-
tions of the interchain couplings become equal to ones
of the intrachain couplings in Eqs.(11), (13) and (14).
We obtain

cro_ croy, ¥ pCro, 1/y
cro ., .MF cro 1/vy
Tspw™ Tspw! 'Y/zgz(TSDW)Jr 11 (20)
cro _MF 1 cro cro 1/
Toow Tspw! 27/ ke, (Top)- £ (g1 Y (2)
CTo cro
where gl( 35S )+g (TSS )<o0, g2( SDW)>0 or 2g (Tepw

CI‘O

( cro
gz CDW

¥, Cro *
)<0. When gl(TSS )+g2(T >0, &;5(Tspy!>0



Downloaded by [Tomsk State University of Control Systems and Radio] at 12:39 21 February 2013

304/[660}] T. SUGIYAMA

or 2g™(Tg%)- g’-‘(Tf;;’,)>0, the crossover temperature, T:™,
Tcgf, or Tcrw, is not given. The intrachain couplings
g"'(Tcm) ands (T“?) are calculated by using the second
order RG of the 1-D system and given by the intrachain
and interchain bare couplings. The crossover tempera-
ture is also given by the bare couplings.

We consider the temperature region T<T '~ and treat
the intrachain and interchain couplings on an equal footing.
We take couplings as

cro

K K L
= ) = +
K L ...
Kij-vij, Lij—vij (i) . (23)

We use the couplings at the crossover temperatures
as new bare couplings, i.e, v%(0, @)= ¥ (T el (TS )<0,
Fr5pul0, @)=gNT5, )> 0 and Lk, (0,q) =12g#(TE,)-gX T”" )
where v (0, q@) is the Fourier transform of Yj - Further
¢ is replaced by ¢ =In(T/T°). Then we obtain the transition
temperatures of SS, SDW and CDW from the temperatures,
where y¥*(¢, q), ‘**(8 q) and yX w(é q) diverge, as

TS=TCSgoexp[-1/2|'Y 0,91 ., (24)
T, scgwe"p[ I/YSDW(O ol (25)
T = ToR exp -1/ 7gp 0. @) T (26)

2

In Egs. (24)~(26), the transition temperatures have
g-dependences. When 4%(0, q) has a minimum value at
q=Q,, the highest Ty is attained at q=Q,. Whenvy5w (0,q)
or vk, (0,q) has a maximum value at q=Q,, the highest
Tp or Tp, is attained at q=Q,. Also, g=0 or I(a: the distance
between the nearest neighbor chains) respectively shows
that the ordered states of the nearest neighbor chains
are in the same or oppositePhases.

Next we consider the correlation functions. By the
use of the transform of correlation functions, we obtain

a.a) [1-20470,91 T, (27)



Downloaded by [Tomsk State University of Control Systems and Radio] at 12:39 21 February 2013

PHASE TRANSITIONS OF A QUASI-ONE-. .. [661]/305

X(E, Q) (14t vgy (0,917, (28)

N, Q) (1 gL, (0.0 (29)

where A (¢,q), X(¢ q) and N(¢, q) diverge at T=Tg, T="T,
and T=Tp, respectively. That is, electron exchange
scattering gives rise to the SDW and CDW phase tran-
sitions. Here we notice that the SDW phase transition
is given rise to by the exchange of electrons with dif-
ferent spins, while the CDW phase transition by the ex-
change of electrons with same spins which is similar
to the Coulomb type scattering between electrons in dif-
ferent chains.

The TS phase transition does not come into exist-
ence when K,,;j =K34) For example, when one takes
Kij =-Kja; =Kaa; , one obtains the same result as Eq.
(27% for Ar instead of Ag.

CONCLUDING REMARKS

Various kinds of phase transitions come about in the fol-
lowing bare coupling regions, The SS (TS) phase transi-
tion at finite temperature comes about in the coupling
region, [g, -2g> 0 or g,<'0] and K°<0 where Ki; =K =
Kaaj (Kaa' =-Kiig =Kz4; ), the SDW transition in the region,
g,>0,g -2g,<0 and 1°>0, and the CDW transition in the
region, (g -2g2<0 or g,<0] and 19>0,

The %-D temperature regions are wide in the sys-
tem with g,>0, since the critical temperatures are
given by Egs. (24)~(26) and the new bare couplings are
Y0, @)1 <<1, [v£w(0,q)l<<1 and |y& ., (0,q)|<<1 for the
system with g,>0, Therefore it especially need for the
system with g>0 in which one treats the intrachain and inter-
chain couplings on an equal footing to obtain the critical
temperatures. On the other hand, the 3-D regions are
narrow in the system g,<0 since |y%(0, @)l~0(1), | 5.0, q)l
~0(1) and |y5,. (0, @)l~0(1).

Finally, we state the following. The method
where one takes account of the intrachain coupling ex-
actly and treats the interchain coupling in the mean

IPE% )]
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cTO

field approximation describes the region T>T , but
does not describe the region T,<T<T’ .
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